We compare the Landauer, Kubo, and microcanonical [J. Phys. Cond. Matter 16, 8025 (2004)] approaches to quantum transport for the average current, the entanglement entropy and the semiclassical full-counting statistics (FCS). Our focus is on the applicability of these approaches to isolated quantum systems such as ultra-cold atoms in engineered optical potentials. For two lattices connected by a junction, we find that the current and particle number fluctuations from the microcanonical approach compare well with the values predicted by the Landauer formalism and FCS assuming a binomial distribution. However, we demonstrate that well-defined reservoirs (i.e., particles in Fermi-Dirac distributions) are not present for a substantial duration of the quasi-steady state. Thus, the Landauer assumption of reservoirs and/or inelastic effects is not necessary for establishing a quasisteady state. Maintaining such a state indefinitely requires an infinite system, and in this limit well-defined Fermi-Dirac distributions can occur. A Kubo approach -in the spirit of the microcanonical picture -bridges the gap between the two formalisms, giving explicit analytical expressions for the formation of the steady state. The microcanonical formalism is designed for closed, finite-size quantum systems and is thus more suitable for studying particle dynamics in ultra-cold atoms. Our results highlight both the connection and differences with more traditional approaches to calculating transport properties in condensed matter systems, and will help guide the way to their simulations in cold-atom systems.
I. INTRODUCTION
Experimental investigations of transport phenomena in ultra-cold atoms confined in engineered optical potentials offer a test bed for transport theories at the nanoscale. Several phenomena, such as the sloshing motion of an atomic cloud in optical lattices [1] , directed transport using a quantum ratchet [2] , relaxation of noninteracting and interacting fermions in optical lattices [3] , and others have been demonstrated. Their applications in atomtronics [4] , which aims at simulating electronics by using controllable atomic systems, are promising [5] [6] [7] [8] [9] . It is thus important to develop proper theoretical and computational methods to direct future progress in this field.
Due to the quantum nature of atoms, finite particle numbers, and small sizes of these systems, the applicability of semi-classical approaches, such as the Boltzmann equation, may become questionable. The Landauer formalism [10, 11] , which has been widely implemented in mesoscopic physics, is naturally appealing for studying transport phenomena in ultracold atoms. Those approaches and their generalizations have been applied to study various problems in cold atoms [12] [13] [14] [15] [16] [17] . In addition to steady-state properties, one may want to study fluctuation effects and correlations using full-counting statistics (FCS) [18] . An examination of the underlying assumptions of those well-known formalisms, however, raise questions on their applicability to ultra-cold atoms.
The Landauer formalism, which is designed for open systems, assumes the existence of two reservoirs that supply particles to be transmitted through a junction region. Since the particle number and energy (when no external time-dependent fields are present) in ultra-cold atomic experiments are (to a very good approximation) conserved, the concept of a reservoir does not necessarily hold. FCS generally assumes the transmitted particles behave like billiards with a well-defined tunneling probability distribution. Whether such an assumption holds true in finite, closed systems will determine whether the formalism can be applied to cold atom experiments as well.
An alternative approach for studying transport in quantum systems is the so-called microcanonical formalism introduced by one of us (MD) [19, 20] . This formalism is based on using closed quantum systems driven out of equilibrium by a change of parameters (e.g., an external bias or a density imbalance) to calculate transport properties. The conservation of particle number and energy are naturally built into this formalism, there is no need to introduce reservoirs and one can fully preserve the wave nature of the particles. This formalism has been integrated with density-functional theory for investigating quantum transport through atomic or molecular junctions [21, 22] . The microcanonical formalism is particularly suitable for ultra-cold atoms, which are accurately modeled as isolated quantum systems. In this respect, the formalism has already been developed to study new phenomena in these systems [23] [24] [25] [26] [27] [28] .
The goal of this paper is to compare the microcanonical approach to the Landauer formalism and determine which assumptions lead to the same observables, such as the average current and FCS. In particular, we study transport of ultra-cold non-interacting fermions in one-dimensional (1D) optical lattices as shown in Figure 1 . Unlike electronic systems where the Coulomb interactions cannot be really switched off, and therefore for which this comparison would be more academic, t Figure 1 . Schematic of a one dimensional lattice and transport induced by (a) application of a bias at t = 0, where a step-function bias is applied to the system and a current flows through the middle link or (b) connecting a link between the two initially disconnected parts at t = 0.
cold atoms experiments allow for a relatively easy tuning of interactions among particles down to the non-interacting limit.
We find that the steady-state current and particle number fluctuations from the microcanonical formalism approach the values of the average current and FCS predicted from the Landauer formalism already at moderate system sizes. However, we also find -for finite times -that one of the assumptions of the Landauer formalism is unnecessary: The particle distributions in the two lattices supplying/absorbing particles do not need to be populated according to Fermi-Dirac distributions. In fact, their occupation deviates from the equilibrium distribution during the whole duration of a quasi-steady state. Furthermore, the results from the microcanonical formalism agree with the predictions from the FCS semi-classical formula by assuming a binomial distribution of the transmitted particles, ruling out alternative semi-classical descriptions. To connect the different approaches, we also develop a Kubo formalism based on the microcanonical picture of transport, which we use to calculate explicit expressions for transport in closed systems. This gives us an analytical method to investigate dynamical transport phenomena in nanoscale and ultracold atomic systems.
In addition to the average current and FCS, we also investigate the dynamical evolution of the entanglement entropy, which quantifies the correlations between two connected systems. The entanglement entropy is of broad interest in many fields, ranging from black hole physics [29] to quantum information science [30] . This quantity can be easily evaluated using the microcanonical formalism. A semi-classical formula based on FCS of two noninteracting fermionic systems connected by a junction has been derived in Ref. [18] and it predicts a linear growth of the entanglement entropy as time increases. Again, we find that the results from the microcanonical formalism match the prediction from the semi-classical formula by assuming a binomial distribution of the transmitted particles. Assuming an alternative distribution results in predictions that are readily distinguishable. This paper is organized as follows: Section II reviews the Landauer formalism and its assumptions. Section III introduces the microcanonical formalism and its applications. The spatially resolved current from the MCF is discussed in Section IV. Section V reviews the FCS. Section VI shows the absence of memory effects in transport of noninteracting fermions. Also shown there is the deviation from the equilibrium Fermi-Dirac statistics. Section VII compares the results from the MCF and Landauer formalism. Section VIII shows the light-cone structure of wave propagation monitored by the MCF. Section IX reviews the Kubo formalism and how it helps connect the two approaches. Finally, section X concludes our study with suggestions of future work.
II. LANDAUER FORMALISM
By assuming the existence of a steady-state current between two reservoirs bridged by a central link, the current can be estimated from the Landauer formula with the help of, e.g., Green's functions [10, 11] . For a detailed description of the physical assumptions behind this formalism we refer the reader to Ref. [11] . Here, we mention only the assumptions that will be relevant for our comparison with the microcanonical formalism: (1) A steady-state current is assumed to exist. Whether a steady-state current always emerges from a given nonequilibrium condition is not at all obvious [11] . (2) Two macroscopic reservoirs -holding noninteracting fermions populated according to Fermi-Dirac distributions -are also assumed. The separation of the system into reservoirs and a region of interest is not always easy to determine for an actual physical structure. (3) The transport at the junction does not provide any feedback to the reservoirs. While one can construct configurations where a steady-state current does not exist [31] , in the case where two 1-D chains are connected by a central junction (as considered in this paper), there is always a steady-state current, as will be verified in the microcanonical formalism (see Section IV). Therefore, we do not focus here on assumption (1), but rather on (2) and (3).
We consider two ways to introduce a junction in between two 1D lattices. One can insert a link with a tunable hopping coefficientt in the middle of a chain, which we call the weak-link case, or insert a central site with tunable on-site energy E C , which we call the central-site case. We consider a uniform bias E L = µ B /2 on the left half and, similarly, E R = −µ B /2 on the right half. By making the two lattices on both sides semi-infinite, they behave as the two reservoirs with different electrochemical potentials. The hopping coefficient is denoted byt and the unit of time is t 0 = /t. We set the electric charge e ≡ 1 and ≡ 1.
The Green's function of the left (right) semi-infinite chain can be derived using recursive relations, which lead to [32] 
T(E)
is the coupling to the left (right) chain [11, 33] . The current (including both spins) is [11] 
where the reservoirs are taken to be at zero temperature, as we will throughout this work. The transmission coefficient is
where f L(R) denotes the density distribution of the left (right) chain, i.e., the Fermi-Dirac distribution function, and Γ L(R) = −2ImΣ CL(CR) . For a uniform chain witht =t, V CL(CR) =t. After some algebra, the current is given by where
To the leading order of µ B , Eq. (3) gives I µ Bt /π. Moreover, it can be shown that T (E = 0) → 1 as µ B → 0.
For the weak-link case, if we take the last site of the left chain as the central site, V CL =t, V CR =t , and E C = E L . The current is
where g ≡ (t /t). When g 1, to the leading order of g and then to the leading order of µ B , one obtains I 4µ B g 2t /π. For the central-site case, V CL = V CR =t and E C can be tuned. The current is Figure 2 shows T (E), which is symmetric about E = 0, for both cases with selected parameters. Figure 3 shows the current predicted by the Landauer results, Eqs. (4) and (5). The two setups give very similar results that cannot be resolved on Fig. 3 (They differ by 0.4% at T (E = 0) = 1).
III. MICRO-CANONICAL FORMALISM
In the micro-canonical approach to quantum transport [19] , one considers a finite system (say two electrodes and a junction) and a finite number of particles with Hamiltonian H.
The system is prepared in an initial state |Ψ 0 which is an eigenstate of some Hamiltonian H 0 = H. From a physical point of view this initial state may represent, e.g., a charge, particle, or energy imbalance between the two finite electrodes that sandwich the junction. The system is then left to evolve from this initial condition under the dynamics of H, and the average current across some surface or any other observable is monitored in time. Note that, even if we assume the two electrodes biased as in the Landauer formalism, in this closed-system approach it is not at all obvious that the average current establishes any (quasi-)steady state in the course of time [11, 19, 34] .
We adopt the implementation of the micro-canonical formalism as discussed in Refs. [23, 24] , which is an extension of the scheme proposed in Ref. [20] . One advantage of this extended scheme is that the dynamics of particle density fluctuations, entanglement entropy, and density distributions can be easily monitored. We consider a one-dimensional Hamiltonian H = H L + H R + H C , where H L/R is a lattice of N/2 sites. The system is filled with N/2 two-component fermions (with equal number in each species). In the tight-binding approximation we choose
Here ij denotes nearest-neighbor pairs and we suppress the spin index, and explicitly state where a summation over the spin is performed in our results. Initially, the system is prepared in the ground state of the unbiased Hamiltonian H 0 with E L = E R = 0 and then it evolves according to a biased Hamiltonian H. All conclusions in this work remain unchanged if we instead prepare the system in the ground state of the biased H and then let it evolve according to the unbiased H 0 . In other words, there is a correspondence between a particle imbalance and an energy imbalance for the systems we consider. We also examine another method to set the systems out of equilibrium -connecting two initially disconnected lattices -where one can not swapped the roles of H and H 0 . For the weak-link case H C = −t (c denotes the number of particles in the system, unless specified otherwise.
To gain more insight into the dynamics of the system, we write down the correlation matrix C(t) with elements c ij (t) = GS 0 |c † i (t)c j (t)|GS 0 , where |GS 0 denotes the ground state of H 0 , and derive the current and entanglement entropy from it. One can use unitary transformations c j = k (U 0 ) jk a k and c j = k (U e ) jk d k to rewrite H 0 and H as
Here 0 k and e p are the energy spectra of H 0 and H, respectively. The initial state is then 
Here
A. Current, entanglement entropy, and particle fluctuations
The current flowing from left to right for one species is
It can be shown that for the Hamiltonian considered here, I = 4t Im{c (N/2),(N/2+1) (t)}, where a factor of 2 for the two spin components is included. This is equivalent to the expectation value of the current operatorÎ
The MCF can be generalized to include finitetemperature effects in the initial state [23] , but here we focus on the ground state.
The entanglement entropy between the left and right halves, s, for one species at time t can be evaluated as follows [18] . We define a (N/2) × (N/2) matrix M = P L C(t)P L with elements M ij , where the projection operator P L = diag(1 N/2 , 0 N/2 ). Then the entanglement entropy can be obtained from the expression
The Hermitian matrix M ij has eigenvalues
We use log base 2, as is convention. This expression may be further simplified by using approximations from the semiclassical FCS [18] and will be discussed later on. The noninteracting fermions studied here may be regarded as a limiting case of a XXZ spin chain, whose entanglement entropy (due to the dynamics of magnetization) has been studied in Ref. [35] . Now we derive the full quantum-mechanical expressions for the equal-time number fluctuations of the left half lattice.
We define the equal-time number fluctuations of the left half as
The moments ofN L can be obtained from
From Wick's theorem or exact calculations, n α i = n i = n i for all positive integer α, where n i = c ii . The other correlation functions can be obtained from Wick's theorem so that
IV. SPATIAL RESOLUTION OF THE CURRENT IN MCF
We stress an important feature of our MCF formalism. One can see from Eq. (8) and its context that MCF monitors the dynamics in both energy basis and real space. In contrast, the Landauer formalism as shown in Eq. (1) only reveals information in the energy basis. The ability of the MCF to trace the dynamics in real space allows us to address a crucial question: How do particles from different sites contribute to the current?
To clearly demonstrate this advantage of the MCF, we consider a simplified initial condition where N lattice sites are divided into the left N/2 sites and the right N/2 sites with each left site occupied by one fermion and each right site empty. We consider a uniform lattice here with a tunneling coefficient t. The corresponding correlation matrix is c ij (t = 0) = δ ij if 1 ≤ i, j ≤ (N/2) and zero otherwise. Eq. (8) becomes
One important insight from this expression is that the index m traces the contribution from the initially filled m-th site on the left. Therefore in the current I = −2tIm(c N/2,N/2+1 ) it is meaningful to discuss where does the current come from as time evolves.
This simplified case, despite its compactness and clarity, is relevant to several situation realizable in experiments. Two potential examples are: (1) initially a large step-function bias is applied to a nanowire with a small energy bandwidth so that all mobile particles are driven to the left half and then the bias is removed to allow a current to flow, and (2) ultra-cold atoms are loaded in an optical lattice so that there is one atom per lattice site. Then a focus laser beam excites the atoms on the right half lattice so that they leave the lattice and create a vacuum region. The atoms on the filled left part will then flow to the right and build a current. Thus the physics of this simplified case is relevant to both our deeper understanding of transport phenomena and advances in experiments. Figure 4 shows the total current of this case with N = 512 and clearly there is a quasi steady-state current. When we determine the contributions from each section of 32 lattices sites to the left of the middle (256-th site), each contribution comes in a burst following the previous burst from the section to its right. Thus the burst from the section of the 225-th site to the 256-th site crosses the middle first, followed by the burst from the section of the 193-th site to the 224-th sites, and so on, with each burst having a decaying tail. This succession of bursts gives a physical justification of the reason the semiclassical distribution assumed in FCS is binomial, and why other distributions can be excluded (see below). Each burst peak plus all the tails from previous bursts add up to maintain the observed quasi steady-state current. Our MCF formalism thus provides more insights into how a quasi steady-state current forms and this is certainly beyond the scope of the Landauer's formalism. Since some spin chain problems can be mapped to fermions in 1D, our study is relevant to the dynamics of magnetization in these cases as well [36] .
V. SEMI-CLASSICAL FCS FORMALISM
For two 1D non-interacting fermionic systems connected by a central barrier, it has been proposed [18] that an expres-sion for the entanglement entropy can be derived from FCS assuming a binomial distribution of the transmitted particle number. In linear response, it has the form
Here, T is the transmission coefficient at the Fermi energy. The second moment of transmitted particle numbers, C 2 , is important because it may be inferred from shot-noise measurements. Moreover, the spectrum of current fluctuations through the barrier, P sn , is related to C 2 by P sn = C 2 /t. Refs. [18] gives the prediction for P sn :
We will briefly review the derivations for these expressions.
In a semi-classical description, the second moment of transmitted particle numbers, C 2 , is equivalent to the number fluctuations of the left half of the system if the number of particles are conserved. This can be understood as follows. Let us assume that at time t there are N L0 particles on the left. At time t + ∆t, if there are N T particles passing through the barrier, the total number of particles on the left becomes
In a fully quantum-mechanical description, however, N L0 is an operator and the cross-correlation N L0NT = N L0 N T may introduce corrections to the expression. In our micro-canonical formalism, the fully quantummechanical equal-time number fluctuations, ∆N 2 L , can be monitored. We will compare this with the prediction of C 2 from the semi-classical formula Eq. (16) and see how important the quantum corrections are.
We summarize how the moments and entanglement entropy can be evaluated from semi-classical FSC [18] . The characteristic function (CF) of transmission of fermions of one species is χ(λ) = ∞ n=−∞ P n e iλn , where P n is the probability of n fermions being transmitted. In terms of cumulants of FCS,
Importantly, the generating function is shown to be [18] 
where X = exp(iHt)C(0)P L exp(−iHt) and P L is the projection operator into the left-half lattice. Using det(AB) = det(A) det(B) and log det(A) = T r log(A) one obtains
where x = T r(X) and T r denotes the trace. The matrix M can be diagonalized as
) and S is a unitary matrix. Then we get the final expression
The second cumulant can be obtained from
The entanglement entropy defined in Eq. (9) can be calculated as
Here z = 1/(1 − e iλ ) and the spectral weight µ(z) is given by
The CF of a binomial distribution with a transmitted probability T is χ(λ)
N , where N = 2µ B ∆t/h is the flux of incoming particles. The spectral weight is then
In this derivation we have used 1/(x − i0 
VI. ABSENCE OF MEMORY EFFECTS FOR NON-INTERACTING SYSTEMS
Before presenting a comparison of the MCF results with those of the Landauer formalism, we first investigate how sensitive the MCF results are to the time-dependence of the switch-on of the bias. This is important because in the Landauer formalism a steady state is assumed from the outset, while in the MCF a quasi-steady state develops in time and therefore its magnitude can be dependent on initial conditions and transient behavior of the bias.
So far we only considered a sudden quench so that µ B is abruptly switched to its full value. We may consider other situations where µ B is switched on at a finite rate and reaches its full value at time t m . Here, we focus on the weak-link case and one has to monitor the dynamics of the correlation matrix by solving the equations of motion
Here, We assume that the dynamics of the two spins are identical and the initial condition is the same as that in the sudden-quench case. Figure 5 shows the current and entanglement entropy from different cases with µ B (t) = (t/t m ) αt for t < t m and µ B =t for t ≥ t m . One can see that despite different transient behaviors, the currents reach the same magnitude when QSSCs emerge. Moreover, the slopes of the entanglement entropy are also the same in the regime where QSSCs emerge. We find the same conclusion when t m is varied. Importantly, one may over-excite the system by tuning the bias above its final constant value, and yet this spike does not affect the height of the QSSC or the slope of the entanglement entropy as shown by the dot-dash lines in Fig. 5 .
Our observations then suggest that there is no observable memory effect in the QSSC and entanglement entropy of noninteracting fermions driven by a step-function bias because those observables are not sensitive to the details of how the bias is turned on. However, the robustness of the QSSC against different time dependencies of the switch-on of the bias may not hold in the presence of interactions, and we leave this study for future work. 
and the slope of s in the region 50t 0 ≤ t ≤ 100t 0 for α = 0.01, 0.1, 1, 10, 100 along with the results from a sudden quench. The results from those cases where the bias is turned on in a finite time t m exhibit no observable deviation from the results from the case of a sudden quench. We choose t m = 10t 0 and N = 256 with N p = 128, but the conclusion holds for other parameters. Thus in the following we focus on the sudden-quench case when we compare the MCF and analytical formulas.
VII. COMPARISONS Figure 7 shows the current, entanglement entropy, and number fluctuations of the weak-link case for selected values oft /t. The currents clearly exhibit a quasi-steady state after a short transient time. We emphasize again that the steadystate current results from the quantum dynamics of the system and is not assumed a priori. The corresponding steady-state currents calculated from the Landauer formula, Eq. agreement is in line with the observation that as the system approaches thermodynamic limit (N → ∞ with finite filling), the microcanonical setup becomes indistinguishable from that in the Landauer formalism. For the caset =t, we recover the quantized conductance, G 0 = I/µ B = 2e 2 /h (spin included). As expected, in the presence of a barrier (t <t), the conductance is smaller than the quantized conductance. The suppression of the current by a weak central link was also shown in Ref. [37] . We also test finite-size effects by comparing the currents from N = 256, 512, 1024 with the prediction from Landauer formula in the inset of Fig. 7 . One can see that while the oscillation amplitude decreases with increasing system size, the average currents of the three different sizes all agree well with the analytical result. For the central-site case we found similar results.
When the link strengtht or the central-site energy E C is tuned, the transmission coefficient T (E) changes accordingly. Figure 3 compares the quasi steady-state currents from Landauer formula (black line) and from micro-canonical simulations of the weak-link case (red circles) and the central-site case (green squares) as a function of the transmission coefficient T = T (E = 0). The three results agree well and this supports the expectation that the Landauer formalism provides reasonable predictions. However, we will see that the agreement does not hold when we study the distributions on the two sides of the junction.
The entanglement entropy is expected to be linear in time and our results support this claim. We found that the slope of ∆s = s − s(µ B = 0) is proportional to µ B as predicted in Eq. (15) . For different values oft /t, we test the predictions from the two formulas. From Fig. 2 we find that in the range −µ B /2 ≤ E ≤ µ B /2 the variation of T (E) is within 3% for all cases we studied so we take T (E = 0) as the transmission coefficient in our evaluation of Eq. (15) .
The slope of the entanglement entropy from microcanonical formalism and the predictions from Eq. (15) are shown in Figure 8 for µ B /t = 0.1 and 0.2. One can see that our results agree well with Eq. (15) for all values of T and this implies that the distribution of tunneling particles may be approximated by a binomial form as assumed in Ref. [18] . In the derivation of Eq. (15) and in our simulation, fermions of different spins tunnel independently and do not generate spinentangled states. The entanglement entropy comes from the correlation of partially tunneled and partially reflected wavefunctions of particles.
We notice that the transient time, which is defined as the initial time interval during which the system has not reached a quasi-steady state, seems to differ in I(t) and s(t) (as illustrated in Fig. 7) . During the transient time, the currents fluctuate violently while the entropy exhibit a downward bending. From our simulations we found that the transient time for s(t) is three times larger than that for I(t) and this relation seems to be insensitive to the system size.
To investigate how FCS depends on the underlying probability distribution, we study the behavior of Eq. (15) when a Gaussian (continuous) distribution is implemented. To make connections with the original binomial distribution, we choose the mean m = N T and the variance σ 2 = N T (1 − T ) to match those of the binomial distribution. The CF is χ(λ) = exp(imλ − 
where α ≈ 3.3 is a numerical factor. In Figure 8 we show (in thin red lines) its values. It is clear that the data from our micro-canonical simulations can distinguish these distributions.
As the system size increases, the small oscillation on top of the linear increase of the entanglement entropy decreases. We found that this reduces the difference between the slope from fitting the results from our MCF and the slope predicted by the semi-classical FCS formalism. In the inset of Fig. 8 we show the slope from the MCF for N = 256, 512, 1024, 2048 with half-filling. One can see that as N increases the agreement improves. However, optical lattices in real experiments are of limited sizes so one may expect observable finite-size effects in experimental results.
Next we extract the slopes of ∆N over, we have compared the third and fourth moments with the quantum-mechanical fluctuations of the corresponding order. The results from micro-canonical simulations show observable deviations from those from semi-classical FCS in the fourth order but not in the third order. The slight difference between our results and the results from semiclassical FCS in Fig. 9 is due to finite-size effects. We have checked our results for larger system sizes and the result converges to the FCS prediction, as shown in the inset of Fig. 9 .
To further investigate the connection between the microcanonical formalism and the Landauer formula, we study the particle distribution functions on the left and the right sides. This can be done by first projecting the correlation matrix to the left (right) half uniform lattice and obtaining M L = P L CP L and M R = P R CP R . Next we find the eigenvalues and the corresponding unitary transformations of H L and H R (with the biases on) so that
. Then we construct the correlation matrix in energy space and getD Fig. 10 we show the particle distributions for the weak-link case witht = 0.5t andt =t at t = t 0 , 100t 0 , and 200t 0 for N = 512 with the system initially half-filled and µ B = 0.2t. The particle distributions for the central-site case with similar parameters are shown in Fig. 11 .
Clearly, the particle distributions on both sides vary dynamically but they evolve in a coordinated fashion so that the current across the junction remains constant for a long period of time. This is different from the picture behind the Landauer formula. In Landauer formula the distributions on the left (right) half lattice are fixed at f L (f R ) and a constant tun- neling constant T determines the rate at which particles move across the junction. On the other hand, for a finite system, the particle distributions must evolve with time. Surprisingly, there exists a time interval when a QSSC still flows from left to right, yet the right lattice has more particles, as shown in the bottom right panels of both Figs. 10 and 11 (for t = 200t 0 ) [38] . This highlights that this a highly correlated state that allows the QSSC to persist. We will see in the next section this is due to causality and the finite speed of propagation of information, and thus is analogous to the light cone in special relativity.
There are recent proposals for designing batteries for atomtronic devices [8] . However, an important message from our study is that an isolated quantum system can maintain a quasi steady-state current in many cases. The quasi-steady state, as we demonstrated, is maintained by internal dynamics so a battery may not be the only way for generating a steady current in atomtronic devices, one could instead engineer an appropriate initial state that will induce a QSSC.
VIII. LIGHT-CONE OF WAVE PROPAGATION
In the last section, we saw that a QSSC can continue to flow even when the particle imbalance would indicate otherwise. This effect is due to the finite speed of information. Recent experimental studies [39, 40] have shown that the density profile exhibits a "light cone" as an atomic cloud expands, and there are ongoing theoretical studies to support this fact [41] . We can see this effect within the MCF (one of the many advan- tages of this formalism). We monitor the real-time dynamics of the density and current profiles for fermions in a uniform lattice driven out of equilibrium by (1) a step-function potential as shown in Fig. 1 , and (2) a sudden removal of atoms on the right-half lattice as discussed in Ref. [23] . The time evolution of the first case is shown in Figure 12 and that of the second case is shown in Fig. 13 . In both cases one can see clearly a "light cone" within which the motion of atoms are confined. The propagation speed is limited by the Fermi velocity, which for filling f is v F = 2 sin(f π)/t 0 . For N = 512 at half filling (N p = 256), it takes about 128t 0 for the wave front to reach the boundary and reflect back. Around 256t 0 the two wave fronts propagating in the opposite directions meet again in the middle. That is when the current stops showing the quasi steady-state behavior. This applies to both cases, as shown in Fig. 12 (c) and (d) and Fig. 13 (c) and (d). This explains the paradoxical behavior of the QSSC flowing counter to the particle imbalance. This happens because the information regarding the population imbalance still has not been carried to the junction region where the current is being monitored. For the quarter filling (N p = 128), if the wave front propagates at the speed of the corresponding Fermi velocity √ 2/t 0 , it takes about 181t 0 for the wave front to reach the boundary and the two wave fronts meet again at around 362t 0 . Although the main body of the wave propagates at this speed, there are "leaks" of the wave which propagate at speed higher than √ 2/t 0 but they are limited by the maximal Fermi velocity 2/t 0 , as shown in Figs. 12 and 13. This "leaking" behavior is more prominent for the case of a sudden removal of half of the particles at higher filling. As shown in Fig. 13 (e) and (f), for initial (3/4) filling there is significant fraction of the wave propagation at 2/t 0 . For the step-function bias case (Fig. 12(e) and (f) ), the main wave propagates at √ 2/t 0 and again the leak propagates at higher speed (limited by 2/t 0 ). We also found that adding a weak central link or a central site with different onsite energy only decreases the magnitude of the current, but the speed of wave-front propagation remains the same for the same initial filling.
IX. KUBO FORMALISM
In order to connect the microcanonical and Landauer approaches, we apply leading order perturbation theory on finite systems by way of the Kubo formula [11, 42, 43] 
for the observable A. Here,Ô = e ıH0t Oe −ıH0t indicates an operator in the interaction picture, H is the perturbing Hamiltonian, and O 0 indicates an average with respect to the initial state. For all practical purposes, here we use the wavefunctions of finite-size systems without taking the thermodynamic limit commonly employed in solid-sate systems. We will consider a one-dimensional lattice set out of equilibrium by connecting two initially disconnected halves with a weak link or by the application of a bias to an initially connected system, as shown in Fig. 1. 2/ (N + 1) sin (jkπ/ (N + 1)) and k = 1, . . . , N 
At t = 0, the lattices are connected by the perturbing Hamiltonian
where g =t /t. Note that the numbering of the sites in both lattices starts from the interface sites. The current is the quantity of interest, hence we will take
where A gives the hopping between the two halves of the lattice, i.e., c 1 acts on the interface site on the left lattice and d 1 on the interface site of the right lattice. This will give the current through I (t) = −2Im A (t) . The interaction picture operators arê
Putting these into Eq. (28) and using that A 0 = 0 for two initially disconnected lattices, we obtain
(36) The current is then
When the L and R lattices are half filled, this double sum will be nonzero when either
To simplify the expressions and show the correspondence with Landauer, we take the semi-infinite limit for the left and right lattices obtaining
where k = −2t cos k and µ B = µ L − µ R . At this point, we have made no assumption about the strength of the bias, the filling, or the temperature. We will now restrict ourselves to the case of half filling and zero temperature.
The two contributions to this expression give the forward and backward currents, integrating over energy instead of wave vector,
Here, µ b = µ B /t. As t → ∞, the fast oscillating function sin (tx) /πx enforces = + µ b . This latter equality can not be satisfied in the backward current as is positive and µ b is also positive, but is negative. Thus, only the forward current remains, giving
in the steady state and including the factor of two for spin.
Here,ḡ L(R) = 4 − ( ∓ µ b /2) 2 and the bias is applied symmetrically. The result is insensitive, though, to how the bias is applied -the left lattice can be shifted by µ B and right lattice by 0, or the left by µ B /2 and the right by −µ B /2. This expression is valid for arbitrary bias and agrees with the Landauer expression, Eq. (4), to leading order in g. For small bias, one obtains Figure 14 shows the agreement of this expression with the exact microcanonical expression for finite-size systems. This Kubo approach is firmly rooted in the microcanonical picture -we have a finite, closed system (the semi-infinite limit is taken only for convenience) set out of equilibrium. The resulting expressions separate out the short time behavior -due to forward and backward fluctuations at all energy scales -and the long time behavior -the QSSC -that emerges from just the forward current.
B. Applied bias across the L and R lattices
Let us now consider an initial Hamiltonian for a connected, homogeneous lattice of length 2N
We consider the ground state of H 0 fixed at half filling. The diagonalization is the same as above except with a lattice of length 2N , c j = k U jk a k with U jk = 2/ (2N + 1) sin (jkπ/ (2N + 1)) and k = 1, . . . , 2N , yielding H 0 = k k a † k a k and k = −2t cos (kπ/ (2N + 1) ).
At t = 0, the lattices are perturbed by the Hamiltonian
which applies the step potential bias as shown in Fig. 1 . The strength of the perturbation is the bias µ B . The current between the two halves is of interest, and therefore we choose
The interaction picture operator iŝ
After some work, one finds that the current is
where Here, the lattice is of length 1600 sites, the bias is µB/t = 1/100.
As t → ∞, one can compute the steady state current, I µ Bt /π, which includes a factor of two for spins. This agrees with the Landauer expression, Eq. (3), expanded to the leading order of µ B . Figure 15 shows the agreement of this expression with the exact microcanonical expression for finite-size systems. One may build connections between the Landauer formalism and the MCF via the use of non-equilibrium Greens functions [44] . The Kubo approach here, however, gives explicit expressions for the effect of the reservoirs for discrete systems and thus explicitly connects closed, finite systems and their thermodynamic limit.
X. CONCLUSION
In summary, we have discussed different theoretical viewpoints for quantum transport phenomena that may be studied in ultra-cold atoms. In particular, we have compared the current, entanglement entropy, and number fluctuations from the Landauer approach, semi-classical FCS, and our micro-canonical formalism. In our study two finite 1D lattices bridged by a junction, we found a quasi steady-state current from the quantum dynamics in the micro-canonical simulations. The magnitude of this quasi steady-state current agrees quantitatively with the value predicted by the Landauer approach. The underlying mechanisms, nevertheless, have been shown to be very different when the distributions of the two sides are analyzed. The distributions evolve in time and steadily deviate from Fermi-Dirac distributions even while the quasi steady-state current is maintained.
Our work points out several key issues when applying different formalisms to closed quantum systems such as ultracold atoms in optical lattices. Of particular importance is the confirmation, using the micro-canonical approach, that a quasi-steady state fermionic current can be established in a 1-D closed system for a finite period of time without the need of inelastic effects or interaction effects beyond mean field. The magnitude of this non-interacting quasi-steady state current is independent of the way the bias is switched on. This also hints at the fact that the Landauer formalism may not be the best suited for the study of transport properties of these finite closed systems, even though the average current that it predicts is correct for long times. This is because, in the case of elastic scattering, the current is dominated by local properties at the junction. Other quantities of interest, such as the occupation of particles -whether at a quasi-steady state or not -are very sensitive to the full spatial extent of the wavefunctions.
The entanglement entropy from our simulations of the full quantum dynamics agrees with the formula derived from semi-classical FCS with a binomial distribution, which raises the question of how the wave nature of the transmitted particles can be well approximated by such a distribution. We found that quantum corrections are also not significant in the equal-time number fluctuations of these noninteracting systems. On the one hand, this supports the use of a semiclassical approach in studying certain transport phenomena. On the other hand, finding transport coefficients that are sensitive to quantum corrections is an interesting future direction.
Extending those comparisons to higher dimensions or in the presence of interactions beyond mean field approximations could be very challenging, but they could lead to a deeper understanding of transport phenomena in closed quantum systems. We emphasize that these issues, such as the dynamics and feedback of reservoirs, quantum correlations, and matterwave propagation, should be carefully investigated in more complex situations as we did here for non-interacting systems. 
